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Abstract 

Let X = [J. Xi be the ind-Grassmannian of codimension n sub- 
spaces of an infinite-dimensional torus representation. If y is a bundle 
on X, then ^ • ( — lpA^y*) morally represents the AT-theoretic funda- 
mental class [Oy] of a subvariety Fcl, though such a class may not 
be defined. It is desirable to lift a A'-theoretic "projection formula" 
from the finite-dimensional subvarieties Xi, but this is obstructed by 
the ambiguity in the order of the limits in i and j. We find condi- 
tions in which the projection formula does in fact hold, and consider 
examples in which Y is the Hilbert scheme of points in the plane, the 
moduli space of higher rank sheaves on P 2 (instantons), the Hilbert 
scheme of an irreducible curve singularity, and the afiine Grassman- 
nian of SL(2, C). In the last example, the projection formula becomes 
an instance of the Weyl-Kag character formula, which has long been 
recognized as the result of formally extending Borel-Weil theory and 
localization to Y 1471. 



1 Introduction 

Let X be a smooth complex projective variety, let 

TO A, T=(C*) d = {(z u ...,z d )}, 

be a complex torus action on X, and let £ be an equivariant bundle 
on X. The AT-theoretic Atiyah-Bott-Lefschetz localization formula 
describes the character of the derived push forward to a point, also 
known as the equivariant Euler characteristic, 

Xx(£) = E(" 1 ) ich ^(£)= E xc (ecA^)- 1 ) , (1) 

i CCX T 
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Here H l is the Cech cohomology group, ch is the (Chern) character 
map, C ranges over the fixed components of the torus action, J^x/c i s 
its normal bundle, and A is the usual operation on K(C)<S>C[T\ defined 
below The restriction Eq may be interpreted as the restriction 
to C, combined with the evaluation at a generic point z € T, so that 
equation (UJ is an equality of functions on T. See |12] for a reference. 

Suppose Y C X is an invariant subvariety which is the zero set 
of an equivariant section of a bundle y. Then the fundamental class 
[Qy] is given by A(V*) £ Kt{X), and we have the projection formula 

xr (£y) = xx (£A(y*)) . (2) 

If we apply the localization formula to either side, the resulting iden- 
tity is not mysterious; The fundamental class A(^*) vanishes when 
restricted to a component C C X that does not intersect with Y, 
and the two expressions are in fact equal termwise. However, if a 
more tractable formula for xx is known, then equation ([2]) produces 
a tractable formula for xy evaluated on pullbacks from X. Tractable 
might mean a formula that is presented as a Laurent polynomial or 
power series with integer coefficients, as opposed to an unworkable 
rational function coming from localization. 

We will show that the projection formula may be extended to many 
examples in which Y is an interesting moduli space, and X is the 
Grassmannian of codimension n subspaces of an infinite-dimensional 
torus representation Z, defined as an ind- variety 

-Cl-iCloCliC-I, [jXi = X, 

where each X% is finite-dimensional. We include the following exam- 
ples: 

1. Y is the Hilbert scheme of n points in the complex plane, and 
X = G(n,R), the Grassmannian of codimension n subspaces of 
the total space of the ring R = C[x, y]. The imbedding is the map 
which associates to a subscheme of C 2 the total space of the cor- 
responding ideal. The projection formula becomes a power series 
expansion with integer coefficients for the Euler characteristic of 
a subbundle 

£ ClC®---®lC, 
where U is the tautological n-dimensional bundle on Y. 
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2. Y = "M. r ,n is the moduli space of higher rank sheaves (instantons) 
on P 2 framed at infinity, and X is a Grassmannian of codimen- 
sion n subspaces of a free module of rank r over R. There is 
no actual imbedding here, but we still find a class in if-theory 
A(y*) such that the right hand side of (|2|) agrees with the desired 
localization on Y. 

3. Y is the Hilbert scheme of a plane curve singularity y 2 = x 3 , and 
X is the Grassmannian of codimension n subspaces of the ring 

C[x,y]/(y 2 -x 3 )^C[ U 2 ,u 3 ]. 

The projection formula provides an analogous expression to ex- 
ample [U 

4. Y is the affine Grassmannian of the loop group of SL(2, C), and 
X is the Sato Grassmannian of half infinte-dimensional subspaces 
of a faithful representation of LG. In this case, the projection 
formula produces an instance of the Weyl-Kag character formula, 
which is predicted by formally extending Borel-Weil theory and 
localization to loop groups. This idea was discussed by Segal in 
[17] . and has been studied by several authors, including general- 
izations to the analogous flag varieties j26[ [49j [50] . 

In the last two examples we have confined ourselves to special cases 
for simplicity, but they can obviously be generalized to some extent. 

We must define what is meant by xy, because we are interested in 
instances in which Y is be infinite-dimensional, noncompact, or singu- 
lar, as we have seen. In this paper, Y is only defined implicitly through 
the class A(y*), for some virtual bundle V*. Its Euler characteristic is 
defined formally by §Z$), 

xy(£y) = E *c (£cA(y c7 )A(^ /c )- 1 ) , 
ccx T 

even when there is no actual variety Y in mind. For this expression 
to be well-defined, we must first know that A(y^) exists, and vanishes 
for all but finitely many components C. 

We decide that A(V*) represents an actual variety Y, if we have 
agreement between the two definitions of \Y- This is manifested com- 
binatorially in the manner described in the second paragraph; the 
class A(y*) combines with A(3ST^y c ) to produce the normal bundle 
7sfy/ r on all fixed components that intersect Y, and vanishes on all 
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others. For instance, in example [fl we consider a standard torus ac- 
tion on Z, such that an invariant subspace V € G(n, Z) is represented 
by a subset S C N 2 of size n, corresponding to the torus weights of its 
complement. We will see by direct calculation that A(V*) vanishes at 
all points unless S happens to be the contents of a Young diagram, so 
that V is the total space of an ideal I C R, representing torus-fixed 
point in the Hilbert scheme. 

The obstacle to lifting the projection formula turns out to be a 
matter of switching two limits. The class A(y*) is not a well defined 
element of Kt(X) defined as an inverse limit, but A*(y*) is always 
defined for any i, and one might approximate Xx(£A(V*)) by 

Xij(z) = ^(-l)*** (£A fc (r)) , z^T. 

k<j 

We can see that 

Xy(£y) = hm lim Xij(z), 
V(-l) J Xx(A^0T)) = lim lim Xij {z). 

— * J— >OOJ- >-oo 
3 

However, it is not clear that the limits are switchable. In general, by 
Serre duality, the characters of the higher cohomology groups should 
contribute a very large negative power of z which should dominate 
the other terms for j 3> i, but vanish for i ^> j. As a result, the two 
expressions should almost never be equal. 

We find conditions for when the projection formula holds when V* 
is the virtual bundle obtained by tensoring the cotangent bundle on 
X by torus characters 

y* = (l-M)T£, M G K(T). 

In the examples above, Z can be seen to be the total space of an equiv- 
ariant module over a polynomial algebra R. The desired bundle y*, 
is obtained choosing M to be the polynomial such that the character 
of R is AT" 1 . 

Theorem A. Suppose T = {z} is a one- dimensional complex torus 
acting on an infinte- dimensional vector space Z, and let X{ be the 
components of the ind-Grassmannian of codimension n subspaces of 
Z. If the conditions described in theorem [I] below are satisfied, then 

XY (£y) = ^(-l) j xx (£A''0n). 

j>0 
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The most interesting condition is condition [21 which imposes bounds 
on the dimensions of the weight spaces of Z. These conditions tend to 
be satisfied when Z is the total space of an equivariant module over a 
ring with character M _1 . 

The motivations for this paper have do to with a fascinating and 
well-studied interplay between the Hilbert scheme of points on a sur- 
face, representation theory, and modular forms. In many different 
studies, geometric correspondences between the Hilbert schemes of 
different points induce an action of various infinite-dimensional Lie 
algebras on IK, the direct sum of the cohomology groups of Hilb n S 
over all n, see [H [101 [171 [301 EH EH] to name a few. There is a re- 
lated story in if-theory which in many cases is based on Haiman's 
character theory of the Bridgeland King and Reid isomorphism which 
identifies iT(Hilb n C 2 ) as an inner-product space with the ring of sym- 
metric polynomials in infinitely many variables [61 [TT| HT| H6] . In some 
cases, the resulting character theory leads to functional properties of 
the generating function of cohomological or i^-theoretic constants in 
a variable q, over the number of points n [8j [TUJ [25| [53]. 

These phenomena are closely related to a physical conjecture known 
as AGT (Alday, Gaiotto, Tachikawa) [lj, which connects correlation 
functions in four dimensional gauge theory with a certain Liouville 
theory. In fact, there are two current mathematical proofs of this con- 
jecture that proceed along these lines [Ml [52]. It would be very de- 
sirable mathematically and physically to discover integrals on a larger 
moduli space which restrict to both sides of this dictionary under dif- 
ferent specializations of the equivariant parameters. The motivation 
in extending the projection formula is that interesting integrands on a 
Grassmannian manifold are simply easier to construct than interesting 
moduli spaces. A second issue is that Haiman's theory makes sense 
when the moduli space is the Hilbert scheme, whereas the structures 
on the cohomology and ET-theory of M r>n also lead to interesting char- 
acter theory. A fundamental example is the action of the Kag-Moody 
algebra slX on H*(M r , n ) [3Q1 HQl SH H2], which prompted the Kag- 
Moody example. 

Acknowledgements. The author would like to thank the Simons 
foundation, for its support, as well as Hiraku Nakajima, Alexei Oblomnkov, 
and Andrei Okounkov, for many valuable discussions. 
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2 Contour integrals and the Grassman- 
nian 

Let Kt(X) denote the complex equivariant i^-theory of a smooth 
complex projective variety with an action of T = (C*) d , and let A* 
denote the usual operation defined on bundles by 

V([£]) = [A'(£)] . 

The total operation is defined by 



A( 7 ) = lim X j (wj) = lim > (-T) j w j X j fa) (3) 
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where the limit is the analytic continuation to w = 1 of the rational 
function defined by the right hand side for w near zero. The limit 
exists if 7 = [£ — 3~] for honest bundles £,3", with A(5F) invertible in 
K(C), and equals A(£)A- 1 (3"). 

If / = ^2 1 a I x f° r d/£Z| and x 1 are monomials in some set of 
indeterminants, we have the usual definition 

\(f) = H(i-x i r. (4) 
i 

If z = {zi} is some set of variables, we define 

X(z) = X^£zA =Y[{1-Zi). 

In this paper, every variable will be considered plethystic, meaning 
it counts as an indeterminant for the purposes of This includes 
variables such as z, w below which are expected to have fixed complex 
values. 

We may also apply this to an element of C((z)), such as 



A 



(r^)-na-r', 



for a given value \z\ < 1. This is relevant to the main equation (llOp . 
in which case the conormal bundle ^x/c re P resen ts an element of 
C((z)) ® K(C) for a fixed component C of the infinite Grassmannian 
X. We will regard such a class as a function on a neighborhood of the 
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origin in C with values in K(C), and consider the image at a chosen 
value z G T. See [12 for a reference. 

Suppose Z is a finite-dimensional representation of T = (C*) rf , and 
consider the Grassmannian variety of codimension n subspaces of Z, 

X = G(n, Z) = {V C Z\ codim(V) = n} . 

There is a tautological bundle V whose fiber over V C Z is V itself, 
and a rank n quotient bundle It = Z/V, where Z = G(n, Z) x Z . The 
action of T on Z induces an action on the Grassmannian, and on the 
above bundles. 

If p is a finite-dimensional representation of GL n , then £ = p(1i) 
is a new bundle with fiber p(U). More generally, if / G K(GL n ), then 
/(IX) defines an element of ify(X). Any element / G A n , the ring of 
symmetric functions in n variables, defines an element of K po [(GL n ), 
the K group of representation of GL n with polynomial matrix ele- 
ments. In this case /(IX) is in the span of subbundles of \L® k for 
k = deg(/). 

Suppose n = 1 and fix a point (z\, ...,Zd) G T, so that the Euler 
characteristic and the weights of Z are just numbers. Then the Euler 
characteristic may be neatly described by contour integrals 

Xx(£) = ( / - / ) dx\(x- 1 Z)- 1 f(x)x-\ (5) 

\J\x\=e J^e- 1 J 

where e is small enough that the interior of the contour includes all the 
weights of Z. To verify this formula, notice that it suffices to assume 
that Z has distinct weights, and that Cauchy's residue formula leads 
to 

Res xe z A (x^Z) /(x)x _1 , Res^gz = ^ Res^, 

which is precisely formula (pQ) for this example. On the other hand, we 
may add the residues in the complementary region, and notice that 

/(/(IX)) = -Re Sx=00 X(x- 1 Z)- 1 f(x)x-\ 

X d (f(U)) = - Res x=Q \{x- l Z)- l f(x)x-\ (6) 

where we have extended x*(£) = ch.£P(£) by linearity to a virtual 
bundle given by /(IX), for any virtual character / G Cfx 1 * 11 ]. 

There is a standard way to reduce the general case ton = 1, which 
is a simple instance of a theorem of Shaun Martin [33] for general 
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symplectic quotients, or the Jeffrey-Kirwan residue formula [23J. In 
this case, it says 

Xx (f(U)) = — Res Xl£ z • • • Res Xn£ z 
n\ 

X(xZ)- 1 A(x)f(x)det(x)-\ (7) 

where 

x — {2^1 , • • • , x n }, X , • • • , x n }, 

Aa; = A I y~] Xixj 1 J , det(x) = x\ ■ ■ ■ x n , 
\¥i / 

and we have identified / with it character restricted to the maximal 
torus {diag(xi, x n )} C GL n 

3 The projection formula 

Suppose T = C* is a one-dimensional complex torus with parameter 
z acting on an infinite-dimensional complex vector space Z. Suppose 
furthermore that there exists M, W such that 

Z = WM" 1 G Z> ((2)), W € Z^ 1 ], M e Z[z]. 

Without loss of generality, we may normalize so that M is monic, 
making the two polynomials unique. One source of such representa- 
tions is to choose a polynomial algebra R with a torus action encoded 
by a Z>o grading, and to let Z be the total space of an equivariant 
module. Then the character of R is given by M- 1 for some momc 
polynomial, and W is determined by the grading of the resolution. 

Let X = G(n, Z) be the ind-Grassmannian of codimension n sub- 
spaces of Z, taken as a limit of subspaces 

X = [jX k , X k = G(n,Z k ), 

k 

where Z k is the direct sum of the subspaces with torus weight a < k. 
We set 

K T (X) = limK T (X k ), K T (X k ) = K T {X) ® C[[z]]. 
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The above inverse system is determined by the pullback maps i* ab 
where 

i ab :X a ^X b , V i->- TTto(V), a<b, 

and 7T a b : Z b — >• Z a is the projection map. 

The bundle £ = p(U) defines an element of Kt(X), as does the 
tangent bundle T*X, with 

i* (T*X) = ffom(U,V©(Z/Z a )). 

Given a class 7 G ifr(AQ, we define 

X x{l)= Hm ^(i^eCrt 

whenever the sequence is convergent. 

Now choose another infinite-dimensional representation B such 
that A = Z — B is a Laurent polynomial, and define a virtual bundle 

y* = SU* - (1 - M)UU* € #rP0, (8) 

We will imagine that V is dual to some subvariety Y C X, and make 
the definition 

X y(£y)= 2 Xc^cA^Ap^)- 1 ) (9) 

ccx T 

in analogy with ([1]), ©• in reality, the variety may not actually exist, 
but we will see in the examples that V* can be conjured so that ([9|) 
agrees with localization on some desirable variety. 

If U is a torus representation with finite-dimensional weight spaces, 
let dim a (C7) denote the dimension of the subspace of U corresponding 
to the weight a. If W = U — V is a virtual torus representation, let 
us define 

dmxa{W) = dim a (C7) - dim a (W), dim(VF) = ^ dim«(W), 

a 

provided dim a (W) = for all but finitely many a. 

Theorem 1. Given the above notations, suppose the following condi- 
tions are satisfied: 

1. We have 

£ C det(lt) 1-, lt® ••• ®U, l = dim(Z-B). 
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2. For any torus weights a,b with dim a (Z) > ; dim a (M) < ; we 
have 

dim a+b (B) > dim a (Z) - dim 6 (M) - 1. 

3. For each fixed component C C G T , \i^* c ) is well-defined in the 
sense of and vanishes for all but finitely many C. 

Then we have the projection formula, 

xy(&y) = £(-i) J xx(£A'Gn). (io) 

i>o 

Before beginning the proof, we need some technical lemmas. The 
key is lemma [3l which establishes that the characters of the higher 
cohomology groups have very large degree in z, and so vanish as k 
tends to infinity. 

Given a parameter w, a set of variables x, and fixed value of \z\ < 1, 
let us set 

1 h (x) = AkWBix), A k {x) = det{x)~ l X(wB)X(Z k x)~ 1 , 

B(x) = ^-A x X(w(M - l)xx), 
n\ 

and let / G A be a symmetric polynomial so that £ = detCU.) 1_ '/(U). 
Here w is treated as a plethystic variable for the purposes of definition 
(JH), rather than a constant. Then by equation ([7|), we have 

£(-i)Vxx, (£A*an) = 

3 

ReSxieZj, ■ ■ ■ Res Xn ez k f( x )%k(x), (H) 

for small enough values of w. We are interested in its analytic contin- 
uation to vu = 1. 

Lemma 1. Fix complex values for w,z with \z\ < 1, and suppose x 
consists of just one variable. Under the conditions of the theorem, 
Ak{x) is holomorphic in the plane except for simple singularities at 
the weights z a £ Z k of order dim a (Z), and an essential singularity at 
the origin. Their Laurent series satisfy 

Ak(x) = ^ bj(z)x j , v{bj{z)) > -jk + c, 
j 
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Ak(x) = b j( z )( x ~ *T> "(M*)) > ~ a 3 + c > 

3 

v is the valuation on C((z)) given by v{z l ) = i, I = dim(A), and c is 
independent of a,k. 

Proof. Since B is an honest representation, X^wBx -1 ) is holomorphic 
except at the origin, so the only singularities are the ones considered 
in the lemma. 

Let us start with the residue at zero. Let Vi denote the weights 
of Z, sorted so that v(yi) < We repeat entries to count for 

weight multiplicities so that 

Zk = v\ H W m , m = dim(Zfc). 

Let Ui denote the corresponding weights of B. 
We have 

x l A k (x) = A (wBx- 1 ) A (vx~ l y l = 
det(w)- 1 x m A (wux~ l ) A (vxy 1 = 

i,3 

Vi 1 ---v' 1 ^2(-iyx % e m+ j-i(wu)h j (v) = 

i,3 

\^ x l bi(z), v{bi{z)) > minbij, 

where 

hj = (ci H h c m+i _j) — (di H Vd m )- jk, 

Ci = v(ui), di = v{vi). 

Since A = Z — B is a Laurent polynomial, we have that Ui = Vi + i 
i large enough. By the ambiguity in the constant c, we may assume 
that this holds for all i. In that case, the minimum value of bij always 
occurs at j = max(0, i — I). In either case we see that 

u(bi(z))>c+(l-j)k. 

The first equality holds by reinserting the factor of x l . 
As for the second expansion, notice that 

X^x- 1 ) = Y J b j {z){x - z a ) j , bj{z) = 1 - z b - a - aj ( x - z a ) j . 
j 
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Then 

/j i w f — aj a < b 

ww/ [6-a-aj a > 6 

Since Afc(x) is a product of powers of such terms, its coefficients must 
also be of the form —aj + c, where c is the sum of the terms of i/(bj(z)) 
in of its factors that are constant in j. It remains to show that the 
constant is bounded below for all a, which follows from the assumption 
that A = Z — B is a Laurent polynomial. 

□ 

Lemma 2. For any i 7^ j, and w not a power of z, we have 
Res Xi=z a Res Xj=wz b x . f(x)X(x) = 0. 

Proof. We may ignore f(x). If c = — dim&(M), then 

Res^j =wz b Xi %k( x ) = / _ -jNj^ay 1 \xj=wz b xS x i ~ wzbx i) C, Xk(x)- 
We only need to show that 

Ak{xi)d c X] \ Xj=wz b x .^kixj) 

is holomorphic at Xi = z a for any k. But this is precisely condition [2j 

□ 

Lemma 3. Let bk{z,w) = ak(z,w) — a2(<z, w), where 

a%(z, w) = £(-1) V X ^ (/(U)A' Of)) , (12) 

i 

and e denotes the empty symbol or 0. Then bk(z,w) is the expansion 
of an analytic function in the range 

< \z\ < 1, w £ T>, 

D = {\w\ < \z\^ :w^z a ,a<k}, 
and for each w € T> we have 

lim v (bk(z,w)) = 00. 

k— >oo 



12 



Proof. We will prove this using the contour integral descriptions from 
section [2j By © and (fTT]h we may rewrite bk(z,w) as 



b k (z,w) = <f> dxi---d> dx n f(x)1 k (x)- 

J\x\\=r J\x n \=r 

Res Xie z fc • • • Res Zn€ z fc f{x)X k (x). (13) 

for large enough r. 

By Cauchy's residue formula, we have 




Res Xie z k X k (x) = ( f dxi-^^ dxi J f(x)X k (x), (14) 

as long as e < \z k \, and w is small enough that the contour includes 
all of the poles of A k (x), but none of the poles of 33 (x). Using this 
relation, we may express b k (z, w) as a linear combination of expressions 
of the form 



c k (z, w) = <p dx\ ■ ■ ■ i> dx c Resy^^ ■ ■ ■ Res yd=z a d 

J\xi\=e J\x c \=e 

f(xUy)X(xUy), c + d = n, di^aj, (15) 

and c > 1. 

Consider the analytic continuation of c k (z,w) to T> in the w vari- 
able. As w varies, the singularities of 'B(xUy) at yj = wz b X{ may cross 
the contour \yj \ = e. However, it follows from lemma [2] that these ad- 
ditional residues have no contribution, which means that expression 
(fl~5|) describes c k (z, w) for all w £ D. It suffices to show that the valu- 
ation of c k (z, w) tends to infinity as k tends to infinity uniformly in 
for all w in some subregion 3? C D; the valuation cannot drop below 
this value under analytic continuation in w, because each coefficient 
in the Laurent series about z = is an analytic function of w. 

We define 3i as follows: pick a grading on monomials by 

deg(z) = 1, deg(xi) = k, deg(?/i) = a*. 
Let 3? be a region such that 

deg(v) < => \wv\ < 1, deg(f) > =4> \wv\ > 1, 
whenever v is a monomial of the form 

z b y i y- 1 , z b xr 1 y j , z^iyj 1 , dim 6 (M) < 0, 
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and Xi,yj are any points on their respective contours. Such a region 
exists provided e near enough to \z k \, and the contours representing 
the residues at yj = z a i are confined to a small enough neighborhood 
of z a i . 

We may replace any factor in X(x L) y) by its Laurent series in 
Xi,yj about any point, as long as the contours lie in its domain of 
convergence. If w £ 31, the expansions may be taken as follows: 

1. Expand A(xi) about X{ = 0. 

2. Expand A{yi) about yi = z ai . 

3. Expand each factor in "B(x U y) about either zero or infinity, 
depending on which expansion is valid (exactly one can be). 

By the definition of 3?, the degree of each term in the expansions of 
type [3] is nonnegative. By lemma HJ the degree of each term in the 
expansions of typesQ]and[2]is bounded below by some overall constant 
independent of a%. The lemma follows because there is at least one 
term of the form A(xi), and the residue about Xi = raises the degree 
by k. 

□ 

We may now prove the theorem. 
Proof. Let 

a(z) = lim lim dk(z,w) G C[[z ±:L ]], 

fc— s-ooiiJ— s-l 

which exists by condition [3j The limit over k is applied termwise to 
the Laurent series of a meromorphic function of z, and the limit over 
w refers to analytic continuation. Then a{z) agrees with the left hand 
side of (fTOj). 
Similarly, let 

a°(z)= lim a° k (z,l). 

k — ^oo 

Using the definition of y*, and that the weights of Z are bounded 
below, we can see that 

lim v( X ° Xh (£A''0T))) =oo 

uniformly in k. It follows that a°(z) agrees with the right hand side 
of (jlOp . By lemma [3j we have 

a(z) = lim lim ak(z, w) = a°(z) G C[[z ±:L ]], 

w— ¥l k— >-oo 

proving the theorem. 

□ 
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4 Examples 



4.1 The Hilbert scheme of points in the plane 

Let Y = Hilb n C 2 , the Hilbert scheme of n points in the plane. There 
is a standard torus action on Y induced by pullback of ideals from the 
action on the plane 

(zi,z 2 ) ■ (x, y) = {z^x, z^y) (16) 

The fixed points of Y are the monomial ideals indexed by Young dia- 
grams 

= C R = C[x,y\. 

The character of the cotangent space to this point is a polynomial in 
Zi with nonnegative integer coefficients summing to dim(Y) = In. By 
deformation theory and a standard Qech cohomology argument, it is 
given by 

T ll Y = x(.R,R)-x(^,^), (17) 
where x is the Euler characteristic 

i 

There is an interesting formula for this polynomial in terms of the arm 
and leg lengths of boxes in fj,, which we will not need. See |10t [36j for 
a reference on this calculation. 

Now let Z be the total space of R, so that 

Z = M~ 1 , M = (1 - zi){\ - z 2 ), B = Z-l. 

Let X = G(n, Z), and 

v^h^i^cz, u ll = ziv ll = u il = 44, 

where are the coordinates of a box in fi. The following lemma 
shows that this data represents the fundamental class of the Hilbert 
scheme Fclin the sense described in the introduction. 

Lemma 4. Let V be an invariant subspace V C Z, with complement 
U = Z — V of dimension n. Then 
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a. We have A (MTyX) vanishes unless V is the total space of an 
invariant ideal represented by a Young diagram \x. 

b. IfV = V„, then 

MT*G(n, Z) + z lZ2 U^ = T* Hilb n C 2 . 

Proof. For part [aj it suffices to show that the constant term of 

(1 - M)T^X = (1 - M)UV 

is positive unless V = Vu, in which case it is zero. Consider the 
graph whose vertices are Z 2 C M 2 , and whose edge set E consists 
of horizontal and vertical neighbors. Color each box with lower-left 
corner (i, j) white if z\z\ is a weight of V , and black otherwise. Define 
subsets by 

-^0 = {f £ 2 2 : v (/*) is black, v(^) is white} 

X x = {e G E : e(/ 1 ) is black, e{/) is white} 

Here v{/ A ) is the upper-right neighboring box to v, e{/ A ) is the upper 
or right neighboring box to the edge e depending on whether e is 
horizontal or vertical, and similarly for the southwest arrow. 
Expanding M, we see that the constant term is 

- M)T£X = Xl - x , Xi = \Xi\. 

Now, notice that every vertex in Xq is the endpoint of exactly two 
edges in X\, but each edge in X\ always has at most two endpoints 
in Xq, proving that x\ — xq > 0. If U does not come from a Young 
diagram, then the set X\ is not empty, and there must be some edge 
in X\ whose endpoints are not both in Xq, leading to strict inequality. 

The equation relating MT*X to the cotangent bundle of the Hilbert 
scheme may be deduced easily from (fTT|) . and the rule that 

x(I fl ,Iu) = z^ 1 z 2 1 M%V u , 

proving part [0 

□ 

Now restrict to a one-dimensional torus z% = z ai , where the aj 
are large enough that the fixed points of Y are isolated. Lemma U] 
combined with localization on C with respect to the two-dimensional 
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torus proves that condition [3] of the theorem is satisfied. Condition [2] 
follows from the fact that Z has the same character as R, and B has 
the same character as the total space of its maximal ideal m; it is just 
the statement that xR and yR are contained in m. 

By theorem [H we have the following formula for the Euler charac- 
teristic of a polynomial functor applied to the tautological re-dimensional 
bundle on the Hilbert scheme 

XY (/(Uy)) = ^ xx {X(z lZ2 Uy VOOA'' (y*)) , (18) 

3 

where 

T = (z 1 +z 2 -z l z 2 )T*X, 

XixUy 1 = [1 + xU + x 2 Sym 2 (lt) + ■■■], 

and Uy is the tautological rank n bundle on Y, which is pulled back 
from X. Since both sides are rational functions of they are de- 
termined by their values on the restricted torus. We may therefore 
drop the assumption that z = z ai , and have an equality of functions 
of two distinct torus variables Zj. The left hand side of (fT8|) repre- 
sents localization on the Hilbert scheme with respect to the general 
two-dimensional torus, whereas the right hand side is a power series 
with integer coefficients in Z[[#i, ,22]]. 

4.2 The moduli space of sheaves 

The same applies when Y is the more general moduli space of framed 
torsion- free sheaves on P 2 denoted M r>n , which can be found in [2TJ[36] . 
This space is not naturally embedded in the Grassmannian the way 
the Hilbert scheme is, but we still obtain the following generalization 
of CE]): 

XM r , n (/(IQ) = XX (/(U)A (z^WU)- 1 X j Of)) , (19) 

3 

M = (1- Zl )(l- z 2 ), Z = WM- 1 , 
W = W! + --- + w r , B = Z-W, 

where itfj are the torus variables coming from an r-dimensional action 
on the framing, as in |40j. 
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4.3 The Hilbert scheme of a singular curve 

Let C denote the singular curve y 2 = x 3 , and consider the action 

T = C*OC, z-(x,y) = (z- 2 x,z- 3 y). 

Let Y denote the Hilbert scheme of n points in this curve, whose 
points correspond to ideals in 

R = C[x,y]/(y 2 -x 3 ) ^C[u 2 ,u 3 }. 

with dime R/I = n - The torus fixed points of Y are those of the form 

/s = 0C-ti i cR, 

for S a sub-semigroup of {0, 2, 3, 4, ...}. 

This moduli space is an lei subvariety of Hilb n C 2 , leading to the 
following definition for the virtual cotangent bundle: Let L be the 
trivial bundle on C 2 with character z~ 6 , so that C is the intersection 
of the zero section with equivariant section y 2 — x 3 . Any line bundle 
on a surface S induces a rank n bundle £^ on the Hilbert scheme by 
pulling back to the canonical subvariety 

Z C Hilb n SxS, 

and pushing forward over the degree n map to the Hilbert scheme. 
In this case is the tautological bundle 11 twisted by the torus 
character z -6 . We can verify that Hilb n C C Hilb n C 2 is the zero set 
of the induced section section of C\ n \ by considering the closure of 
the portion of this variety in the complement of the big diagonal. Its 
fundamental class is represented by X(z e U*). For a reference, see |48| . 

The character of the virtual cotangent bundle to an equivariant 
ideal Is is therefore given by 

T s Hilb n C = T* S Hilb n C 2 - z 6 U* s = 

MUs{M~ l - U s ) + z 5 U s - z 6 U s = 

MT S X + z 5 U s , (20) 

where 

M = (1 - z 2 )(l - z 3 ), A = l-z 6 , 
Z = AM' 1 = C[u 2 ,u 3 ], B = Z-A, 
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Us is the character of R/Is, and X = G(n, Z). This is a virtual bun- 
dle, which means at singular points we may not obtain a polynomial 
with nonnegative coefficients, but the signed dimension will always 
equal the expected dimension of n. 

We may check that this choice of Z, M satisfy the conditions of 
theorem [TJ and that A(y*) vanishes on a codimension n invariant sub- 
space V C Z unless V = Is for some semigroup S. We obtain the 
following: 

XHm n c(f(U)) = /Zxx (/(U)A(z 5 U)~V(y*)) , (21) 

3 

where X is the Grassmannian of codimension n subspaces of Z, and 
/ £ A is a multiple of e^ - ' = e n . 

4.4 The affine Grassmannian 

Let G = 5X(2,C), and consider the affine Grassmannian 

Y = LGc/L+Gc, 

where LG is the space of maps from the circle into G, and L + G are 
those maps which extend to a holomorphic function in the disc of 
radius 1. 

In [47], Segal noted that there should be a proof of the Weyl- 
Kac, character formula using this variety, which is analogous of the 
well-known geometric proof of the Weyl character formula using K- 
theoretic localization combined with Borel-Weil-Bott, see |12j . He 
also pointed out that there was a gap in the reasoning due to the fact 
that Y is infinite-dimensional, and the explanation that the higher 
cohomology groups vanish. We would now like to demonstrate how 
theorem Q] can be used to circumvent these two difficulties, leading 
to a proof of the Weyl-Kag character formula, in case of the basic 
representation of the loop group of SX(2, C). This approach obviously 
generalizes, and it would be interesting to see if one can recover the 
complete formula this way. This topic, and generalizations to the 
related flag varieties have studied by several authors, including [261 

HHUHQ]. 

Let us explain the moral calculation, ignoring technicalities: there 
is an action of a two-dimensional torus by 

G? •/)(*)= Ad f Z ~ l )-(f(qx)), g = (g, z) 6 (C*) 2 . 
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The fixed points are precisely the orbits of the Weyl group elements 
w € LGc [S]. Ignoring the infinite-dimensionality of Y, we can write 
down the character of the cotangent bundle to this space at a fixed 
point w as follows. The cotangent bundle at the image of the identity 
in Y is given by 

T*Y = (Lqc/L+qc)* = -V-(z 2 + 1 + z- 2 ). 

The character at a general fixed point can be extracted from by ap- 
plying elements of the affine Weyl group. 

Let K = LC 2 , the Hilbert space of maps to C 2 . Then LGc ac ts 
in the obvious way on this space, and L + Gc is precisely the subgroup 
that preserves the subspace V C K of all maps which are holomorphic 
at the origin. The action on JC induces an imbedding Y C X, where 
X is the Sato Grassmannian of half-infinite dimensional subspaces of 
K, by taking the orbit space of V. The character of the cotangent 
bundle at V is given by 

chT^X = (1 ^ )2 (z 2 + 2 + z- 2 ), 

which is the character of one quadrant of End(K). We therefore have 

ch Tj-y = (1 - q)T{}X — . 

l-q 

Now let us explain how the Kaq character formula follows from 
theorem [H in this special case. For each n, let 

M = l-q, A = q- n (z + z~ 1 ), Z = AM~ 1 , 

B = Z-A, X = G(2n,Z), 

and notice Z C K, and includes the whole space as n becomes large. 
We may check that A(V*) vanishes at all points of X except those 
whose complementary subspace has character 

u k = Yl zqi+ Yl z ~ lqi - 

—n<i<k—l — n<i<— k— 1 

We can see by direct calculation that 

o fc = lim A (MT^X)' 1 = 

n— >oo 
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(g; q^O&q)- 1 (zV*** - z* k -V k2 ~ k ) , (22) 

where 

(z; g)oo = JJ(1 - z<f ), 6>(x; q) = (q; q)oo(xq; q) oc (x' 1 ; q)^. 

i>0 

Just as in section the fact that the torus is two-dimensional 
is not an issue, because two rational functions that agree at q = z a 
for infinitely many values of a must be equal. The projection formula 
therefore applies, and it says that 

J> fc = Urn xx (A^(T*X)) = (gjg)" 1 . (23) 

k j 

The second equation follows from 

XGr(k,n) {\ j (T*))=(-iy P (j), 

where Gr(fc, n) may be equivariant with respect to any torus action on 
C n , p(j) is the number of partitions of j, and n, n — k are sufficiently 
large. Combining (|22|) and (f23]l . we may read of the Jacobi triple 
product, which is the simplest instance of the Kag character formula 
for the A\ root system. 

To obtain the more general character formula, we would need to 
consider arbitary representations applied to the two-dimensional vir- 
tual bundle (1 — q)V. 
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